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1. INTRODUCTL~N 
In his paper [23] Lewin proved that there exist continuously m 
associative algebras of a very special kind. Thus finitely generate 
associative algebras which are not finitely presented abound. ‘b’he object of &is 
paper is to delve a little deeper into the nature of finitely presented associative 
algebras (as well as finitely presented semigroups). The direction that I have 
taken is largely motivated by group theory. 
I,%. Let me recall first some definitions. Suppose A is an associative 
algebra over a field k. If u, b E A then we put 
[a, b] = ab - ba, 
the so-called commutator of a and b. If X and Y are nonempty subsets of A, then 
we denote by [X, Y] the ideal of A generated by the commutators [x, y] (x E X, 
y c Y). As usual [A, A] is called the commutator or derived ideal of A; we denote 
[A, A] also by A’. If B is an ideal of A and n a positke integer, then the sub- 
algebra P of A generated by the n-fold products of elements of B is again an 
ideal of A. A is termed nilpotent if A a+1 = 0 with the least such z the cease of A. 
An associative algebra A can be turned into a Lie algebra A” by using the same 
vector space structure as A and introducing a second binary operation 0 in A 
defined bx 
sob = [a,b]. 
We say A is zie nilpotent if A” is a nilpotent Lie algebra. 
x This is an expanded version of the announcement [5]. 
+ Support from the National Science Foundation is gratefully acknowledged. 
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If U, V are classes of (associative) algebras, we term A a U-by-V algebra if 
there is a short exact sequence 
O-tX-+A-+Y-+O 
with X E U and YE V. In particular A is termed bicommutative (or metabelian 
according to R. W. Gruenberg 1151) if it is a C-by-C algebra where C denotes 
the class of all commutative algebras. 
1,3, For completeness we begin with a discussion of the number of 
finitely generated algebras, over a countablejield. There are, of course, a countable 
number of finitely presented algebras. By simply going over to group algebras 
one can concoct a host of finitely generated infinitely related algebras (see, 
e.g., Theorem A of Baumslag [6]). Here we restrict our attention to solvable 
algebras in the sense of Jennings [18] ( see Section 2.1 for the relevant defini- 
tion). In fact, there are continuously many 2-generator algebras A satisfying 
(A’)3 = 0 (Lewin [23]). 0 ne can bypass Lewin by copying an argument of 
Hall [16] for groups which yields the slightly stronger 
THEOREM 1. There aye continuously many 2-generator algebras A satisfying 
(A’)2 A = 0 = A(A’)2. 
Theorem 1 is best possible in the sense that we prove, in Section 2.3, the 
following generalization of the Hilbert Basis Theorem. 
THEOREM 2. Let A be afinitely genevated algebra, B a commutative ideal of A. 
If A/B is finitely presented and Noetherian, then A is Noetherian. 
One consequence of Theorem 2 is 
COROLLARY 2.1. A jinitely genevated commutative-by-lie nilpotent algebra is 
Noetherian. 
It follows easily that 
COROLLARY 2.2. There are countably many jinitely generated commutative-by- 
Lie nilpotent algebras. 
Note that Corollary 2.2 applies in particular to bicommutative algebras. Such 
algebras were first studied in detail by Gruenberg [15] in an unpublished essay 
in 1951. 
1+4+ We turn next, in Section 3, to an attempt to discern some of the 
finitely generated algebras which are not finitely presented. 
To put our results into perspective, suppose A is an augmented k-algebra, F a 
free associative algebra with 1, and that A is the augmentation ideal of F. If 
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is a presentation of A, then 
the second homology group of A with coefficients in the trivial A-module 
(Frahlich [lib]). If A is finitely presented then it fallows that 
dimensional. If A = kG is the group algebra aft 
augmented k-algebra, and so ET&A, k) = H,(G, 
logy group of G with coefficients in the trivial G-module k. 
finitely generated but infinitely related groups G satisfying 
e.g.: [3]) it fallows from [6] that there exist finitely generated 
bras A with H,(A, k) = 0, which are not finitely presented. 
Our concern here is with associative algebras where no assumptions are made 
as to augmentedness or to the existence of a 1. Suppose now that F denates a free 
associative k-algebra without 1, A an arbitrary k-algebra. Then if 
is a presentation of A, 
is again a homology group of A and hence an invariant (see Frahiich [I 
Knapfmacher [220]). We denote this invariant simply by pn(A) and observe again 
that if A is finitely presented then m(A) is finite dimensianal. As in group theory, 
we term m(A) the multiplicator of A. 
Now suppase we write 
A = ((xl ,..., x ; rl 7 . . . . r,> 
to express the fact that the algebra A can be generated by its elements zi ,...: x9 
and defined in terms of them by all relations of the farm 
(i.e., those relations which ensure that A is bicammutative) together with the 
relations a; = r2 = --a = r, = 0. Then (see Section 3.1) 
THEOREM 3. Eet 
rg are all commutator wod.9, i.e., they lie in the derived 
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ideal of the free algebra on x, ,..., x, , then m(A) is not finite dimensional (and 
hence A is not j%.itely presented). 
Now an algebra of the form F/R, where R is the ideal of F generated by (F’) 
is termed free bicommutative (cf. the remarks below in Section 1.5). It therefore 
follows immediately from Theorem 3 that 
COROLLARY 3.1. A noncommutative free bicommutative algebra has an infinite 
dimensional multiplicator. 
1+5. There is another application of multiplicators to the study of 
finitely presented algebras involving parafree algebras. This notion is a relative 
one involving a variety V of algebras. By definition V is a family of algebras 
closed under epimorphic images, subalgebras, and products (i.e., unrestricted 
direct products). We take for granted here the usual facts about varieties as well 
as the terminology such as “free algebra in a variety V” (see, e.g., Cohn [12]). 
Recall next that an algebra A is residually nilpotent if nl, A” = 0. 
Now suppose V is a variety of algebras in which the free algebras are residually 
nilpotent. We term an algebra A V-parafTee or simplypayafree, if V is understood 
to be the relevant variety, if the following three conditions hold: 
(1) A belongs to V; 
(2) A is residually nilpotent; 
(3) there exists a free algebra F in V such that 
A/A” g F/F” (n = 1, 2,...). 
If F is of rank q, then A is termed V-parafree of rank q. 
It is easy to establish the existence of a wide assortment of parafree algebras 
by simply tracing through the corresponding arguments for groups. We give 
here two samples. The first of these is (cf. [2]) 
THEOREM 4. Let V be a variety of associative algebras in which the free algebras 
are residually nilpotent and the algebra of rank 1 is not nilpotent. Then for every 
positive integer q there exists a colimit of free algebras in V which is parafree of rank 
q but not free. 
The second family of parafree algebras is probably well known. We establish 
their existence here by translating the corresponding argument for groups due tom 
Bousfield and Kan [9] ( see Baumslag and Stammbach [8]) yielding 
THEOREM 5. Let V be a variety of algebras in which the free algebras aye 
residually nilpotent. If F is a finitely generated free algebra in V then its puonil- 
potent completion E is parafree in V. 
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It is easy to prove that if A is an absolutely free algebra (i-e,, free in the variety 
of all algebras) then m(A) = 0. I do not know whether this is also true for the 
corresponding absolutely parafree algebras, but it seems unlikely. 0ur main 
objective involves the parafree algebras in the variety of all bicommutative 
algebras. Indeed, we prove the following generalization of Coroilary 3.1~ 
THEORCEM 6. &et be the variety of all b~co~~~~at~ve a~eb~as. Then the 
~~ltiplicato~ of a parafree algebra in lVI of rank at Last two is not$finite di~-ensio~a~~ 
Every finitely generated metabelian group czn be embedded in a 
kented metabelian group (Baumslag [4]), The principal purpose of 
this paper is to prove some theorems of a similar nature for associative algebras. 
Since associative algebras are structurally richer than groups, it is not surprising 
that the associative algebra versions of these theorems (see Section 5) encompass 
somewhat more than the corresponding known theorems for groups (see [4? 117, 
and 271). 
A!1 of our embedding theorems for associative algebras stem from a sim 
criterion, Theorem 7 (below), for an associative algebra to be finitely present 
Ta explain, we need to introduce a definition. Let then T be an associative 
algebra over (as always) a commutative field. Kow let M be a (T, T)-bimodule. 
We term M anzpb if for each m E &I’, t E T, there exist t’, t” E T stich that 
mt = t’m, tm = mt”. 
The following theorem then holds. 
?bIEOREM 7. &t 
be a short exact sequence of associative algebras, where N is ~ilpote~t and all of the 
quotients of T are finitely presented. If Nili7F1, viewed as a (T7 ~~-b~~od~~e~ is 
Jinitely generated and ample for every i, thelz A is$nitely presented. 
On appealing to a theorem of Lewin [24], one can use Theorem 7 to deduce 
THEOREM 8. Let A be a$niteZy generated associative algebra with I co~ta~~~~g 
an ideal N with N2 = 0. If every quotient of Ajnf is jnitely presented then A can be 
embedded in a jinitely presented algebra A* which closely resembles A; spec~~cal~y 
A* contaim an ideal N* such that 
(i) N*2 = 0 and (ii) A*/N” = A/N @ A/N. 
Theorem 8 has a number of interesting consequences. 
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COROLLARY 8.1. Let A be a finitely generated associative algebra which is the 
middle of a short exact sequence 
O+N-+A-+T+O 
in which N2 = 0 and T is Lie-nilpotent. Then A can be embedded in a jinitely 
presented algebra A* which is also the middle of a short exact sequence of exactly 
the same kind. 
Among the Lie-nilpotent algebras are the commutative algebras. So a special 
case of Corollary 8.1 is the following: 
COROLLARY 8.2. Suppose theJinitely generated associative algebra A contains an 
ideal N such that N2 = 0 and AIN is commutative. Then A can be embedded in a 
Jinitely presented algebra A* containing an ideal N* such that N*2 = 0 and 
A*/N* is commutative. 
Corollary 8.2 may be regarded as an analog of the embedding theorem for 
finitely generated metabelian groups cited above. 
We turn now to a slightly different runoff from Theorem 7, viz., 
THEOREM 9. Let A be a jnitely generated algebra of lower triangular matrices 
with coeficients in a commutative algebra B. Then A can be embedded in a Jinitely 
presented algebra of lower triangular matrices with coeficients in B. 
The analog of Theorem C has recently been obtained for groups by Thomson 
r271. 
Our last embedding theorem for associative algebras is 
THEOREM 10. Let F be a jinitely generated free associative algebra with 1, and 
let R be an ideal of F. If FIR isJinitely presented, then FIR” can be embedded in a 
finitely presented algebra A containing an ideal S mch that 
(i) S* = 0 and (ii) A/S = F/R @F/R. 
Unlike Theorem 8 no analog of Theorem 10 has as yet been proved for groups. 
lL,7. We turn next to three theorems concerned with the finite present- 
ability of certain semigroups. 
First we record the simple 
THEOREM 11. Let S be a semigroup, k a jield. Then the semigroup algebra kS 
is$nitelypresented (as an associattive k-algebra) if and only if S is$nitely presented. 
Theorem 11 is the anaolog of the corresponding theorem for groups proved in 
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[6-j, and its proof can be constructed along similar lines. The ground field k plays 
no real role here and can be replaced by an arbitrary ring. It should akso be 
pointed out that Theorem 11 is a generalization of a theorem of Rabin @5j. 
ur second theorem involves the notion of parafreeness discussed in Section 
1.5. In order to explain we recall that an element 0 in a semigroup S is termed a 
zem if 
OS = 0 = so (s E S). 
0% course this element 0 is uniquely defined by this condition For each such 
semigroup S and every positive integer n, we define 
en(S) = ((a, b) E S x S j a = b or a = a, 1.. an, b = 6, L*. 6, (a, ,..ag “a , 
b 1 ).a., b E S)). 
It is easy to see that cm(S) is a congruence in S and the quotient semigroup 
S/en(S) is nilpotent; i.e., the product of any m elements of S/C~(S) is zero for 
some m 3 Ii, indeed here we can take m = n. This semigroup S/en(S) is called 
the nth lower central quotient of S. We term S residzkally ~i~~ot~~t if 
fi q(S) = {(s, s) / s E S]. 
?$==I 
Note that this means that ifs # t then 
Finally, we term a semigroup S with zero parafree if 
(i) S is residually nilpotent; 
(ii) there exists a free semigroup F with zero such that 
for every n = 1, 2,.... 
As already noted parafree algebras which are not free exist in abundance, 
By way of contrast, however, we shall here prove 
THEOREM 12. Every parafree semigroup is a free semigroup with xeyo. 
Our final result about semigroups is motivated by our earlier embedding 
theorems for algebras. To this end let E be the class of those semigroups S 
satisfying the following conditions: 
(I) S is finitely generated; 
&r/55/2-13 
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(2) S = A u T, where A and T are disjoint commutative subsemigroups 
of s; 
(3) A is an ideal of S, i.e., if a E A, s E S then as E A and sa E A. 
The semigroups in d may be likened to finitely generated bicommutative alge- 
bras. Now although the semigroups in 55’ are not all finitely presented it turns 
out that 
THEOREM 13. Every semigroup in %’ can be embedded in a finitely presented 
semigroup in 57. 
2. SOLVABLE ASSOCIATIVE ALGEBRAS 
2.1. Preliminaries 
Throughout A denotes an associative algebra over a commutative field k; we 
emphasize that no assumption is made about the existence of a 1 in A. The Lie 
lower central series 
of A is defined by 
A,, = PA,, AI (i = 1, 2,...); 
we recall from Section 1.2 that A,+1 is the ideal of A generated by the com- 
mutators [x, y] (X E Ai , y E A). It turns out (Jennings [19]) that if A is finitely 
generated and Lie nilpotent, then the Lie lower central series of A terminates in 
0 in a finite number of steps. Similarly the derived series 
A = A(O) 3 A(1) > . . . 
of A is defined by 
A'S+l' = [A(i), A'i'] (i = 1, 2,...). 
Thus A(;+l) is the ideaE of A generated by the commutators [x, y] (x, y E A@)). 
A is termed sohable if A(“) = 0 for some n. 
We shall need the following: 
LEMMA 1. Let 
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be a short exact sequeme of algebras. Then 
and @ are$rzite& presented, so is A; 
(ii) if C is Noetherian and every ascending cha& of ideals of A container in B 
is finite, tt9.m A is Noethwian. 
emma 1 is straightforward and so is omitted (cf. Lemma B 
Sow if A is a finitely generated algebra then A,jA,+, is a finnely generated 
commutative algebra for every i (Gruenberg [15])-this can be proved directly 
by a simple “straightening process” and induction. Notice also a finitely 
generated commutative algebra is finitely presented, by the ert basis 
theorem. These remarks, together with Lemma 1, easily yiel 
LEMMA 2. Let A be a finitely generated Lie ~~lpotent algebra. Then the follow- 
gng hold: 
((I every quotient of A isJinite2y generated and Lie ~~~~ote~t; 
(ii) A and also its quotients are jinitely presented; 
(iii) A is Noethpian. 
We write B a A to express the fact that B is an ideal of A. The following 
lemma is an immediate consequence of the hypothesis. 
LEM~MA 3. Suppose B a A, A is Jinitely generated, and that A/ 
presented. Then B is ajnitely generated ideal, i.e., the smallest ideal of A co~~~~n~~% 
a s&ably chosen$inite set of elements of B. 
2.2. CowttiBg Finitely Generated Solvable Algebras 
Lewin [23] has proved that there are continuously many 2-generator algebras 
A satisfying (A’)3 = 0. As Lewin points out, this condition cannot be relaxed 
to (A’)2 = 0. However we have 
TIPEORE?vI I. There are continuously many 2-generator algebras A s~t~sfy~~g 
(A’)Z A = 0 = A(A’)z. 
ProoJ. Let k[x] be the polynomial algebra in x over the given ground field 
ut 
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and let A be the algebra generated by s and a. A direct calculation shows 
(A’)2 A = 0 = A(A’)2. 
Moreover (A’)2 turns out to be infinite dimensional. Since every subspace of 
(A’)2 is an ideal of A, it follows that A has continuously many ideals and hence 
continuously many nonisomorphic quotients, as desired. 
2.3. Counting Finitely Generated Solvable Algebras (Continued) 
Our next result centers around the following: 
LEMMA 4. Let B 4 A, and suppose that B is commutative. If 6, , b, E B and 
t 1 ,*-*> t, E A, then for all r, s, k, 1 E {l,..., n] (r < s, k < I), all permutations 
ZlZ2 . ’ -.*i,of 1,2 *a- n and j, j, of 1 2, the following holds 
Proof. We proceed by induction on n. 
If n = 0 the result follows from the commutativity of B. Suppose 1z > 0. 
Consider the left-hand side of (1): 
Similarly we find that the right-hand side of (2) can be expressed in the form 
tiltiz a.* ti,b,lb,z . If il = 1, then the inductive hypothesis applied to ti *a. 
yields the desired equality. If i1 f 1, then we proceed as follows: 2 
ti,b,,b, n 
This completes the proof. 
COROLLARY 4.1. If B is a commutative ideal of A contained in A’, then B3 = 0. 
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.Pcx$ Every element of B3 can be written as a k-linear combination o 
products p of the form 
P = t&h > YII ~,G% 3 Yzl t;; *** G&x, f Ynl tb 0 
Since n 3 1, the factor [x1 , yl] actually appears. Now 
b,h 9 YII b, = kk~, - Yd b, 3 
= b,w,b, - b,y&, > 
= w&A - w&b, (by Lemma 43, 
= a 
so p = 0. 
COROLLARY 4.2. If A is bicommutative, (A’)3 = 0. 
Corollary 4.2 is due to Gruenberg [15]. I d iscovered it independently so 
23 years later (see also Cohn [13, p. 331). It is not hard to show that the sharper 
conclusion (A’)2 = 0 is not true. However, by way of contrast, one has 
COROLLARY 4.3. Let A be a split extension of B by Ta 
A=B@T, (B 4 A, T a subakebra of A). 
I” both B and T are commutative, then 
(A’)2 = 0. 
Proof * f b, , b, E B, t E T it follows on appealing to Lemma 4 as needed that 
[b, , t] b, = (b,t - tb,) b, = b,tb, - tb,b, = tb,b, - tb,b, = 
ence, if now t, ) t, E T, a, , a2 , a, , a, E A, 
since [b, , tz] E B. It follows that (A’j2 = 0 as desired. 
We come now to the main application of Lemma 4. 
THEOREM 2. Let A be afilaitely generated algebra, B a co~~m~tative ideal of A, 
If A/B is $nitely presented and Noetherian, then A is Noetherian. 
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Proof. Put 
Then C a A. Note that 
C :.: H n A’. 
B/C 2 (B {- A’)/A’ < A/A’. (2) 
So B/C is an ideal of the finitely generated commutative k-algebra 4/A’. Hence, 
B/C is a finitely generated ideal of A/A’ by the Hilbert basis theorem. Consider 
now the short exact-sequence 
0 + B/C 3 A/C + A,!B --+ 0. 
We claim that A/C is Noethcrian and finitely presented. The first claim follows 
from Lemma l(ii) and the Hilbert basis theorem. The proof that A/C is finitely 
presented is an elaboration of the argument needed to prove Lemma l(i), 
keeping in mind that B/C is a finitely generated ideal of A/C, where the action 
of A/C on B/C is obtained from isomorphism (2). It follows that it suffices to 
restrict attention to the case where B is contained in A’. 
Since A/B is finitely presented B is a finitely generated ideal of A, by Lemma 
3. Furthermore, B3 x 0 by Corollary 4.1. It follows that we may view B/B2 
as a finitely generated (A/B)-b imodule. Since A/B is Noetherian, so is this 
(A/B)-bimodule B/B2. This ensures that A/B2 is Noetherian, on appealing to 
Lemma l(ii). Now it follows from Lemma 4 and the fact that B/B2 is a finitely 
generated (A/B)-bimodule, that B2 itself may be viewed as a finitely generated 
A/B-module. Again the hypothesis that A/B is Koetherian yields the necessary 
condition to be able to apply Lemma l(ii). Thus A is Noetherian, as claimed. 
Since a finitely generated Lie-nilpotent algebra is finitely presented and 
Noetherian (Lemma 2) it follows immediately from Theorem 2 that 
COROLLARY 2.1. A jinitely generated commutative-by-Lie nilpotent algebra is 
Noetherian. 
3. DISCERSING FINTELY PRESESTED ALCEBRA~ 
3.1. Bicommutative Algebras Dejined by Commutator Words 
Multiplicators of finitely generated bicommutativc algebras are easier to 
handle than other algebras because of the following: 
LEMMA 5. A jinitely generated hicommutative algebra A has a jinite dimen- 
sional multiplicator if and only if every quotient of A has a finite dimensional 
multiplicator. 
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The proof of Lemma 5 is analogous to the proof of the corresponding result 
for finitely generated metabelian groups (Baumslag [7]). It suffices to note that 
if R a A, a finitely generated bicommutative algebra, then R is finite1 enerat 
as an ideal, by Corollary 2.1. So if RA = 0 = AR it follows that is fin 
dimensional, the crucial observation needed for Lemma 5. 
We shall need another analog of an easy-to-prove lemma for groups, viz., 
EEMMA 6. A jkitely generated algebra P has a &z&e dime~io~a~ m~~tip~icato~ 
if and only ayfor every short exact sequence 
with (i) H jinitely generated, (ii) I an ideal of N satisfying IH = 
ideal I is Jinite dimensional. 
The proof is easy and is omitted. 
We are now in a position to prove 
e 
THEOREM 3. Let 
A = <Xl >.*.i xp; r, ,*--> rq>> (P> 4< co). 
If p - q 3 2 and rl ,..., Yn are all commutator words then m(A) is not j&&e 
dime~ional, and hence A is not finitely presented. 
PYOO~. It suffices, by Lemma 5, to prove that there exists a quotient P GE A 
with m(P) infinite dimensional. To this end, let I3 be the ideal of A generated by 
x2 )...> 3CD . Then B2 is again an ideal of A. Put 
A = A[B2, B = B/P, A?$ = xi + B2 (i = I,..., p)* 
Furthermore, let T denote the subalgebra of a generated by %I . Clearly T is the 
subalgebra of the k-algebra T = k[gJ of all polynomials in $I which consists 
. . 
polynomials with constant term zero. 
Since 2 = B @ T it follows that A is the semidirect product of B 
T acts on B by left and right multiplication, and this action can be extend 
This turns B into a (T, T)-bimodule and thence in the usual way into a left 
(T Ok TOP)-module. Note that T @,, Top is a po 
(commuting variables), and hence is an integral 
field of T Ok Top. 
Now it follows from the very definition of A that the (T Ok Top)-module 
can be presented on p - 1 generators subject to q relations. This implies that 
1 ok B can be viewed as a quotient of a (p - 1)-d’ lmensional vector space by a 
q-dimensional subspace. Since p - 1 > q this ensures that @& B is of positive 
dimension and therefore has a l-dimensional quotient space V. 
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Since 1 is the quotient field of T Ok TOP, V can be tthought of as a 
left T Ok Top-module and therefore as a (T, T)-bimodule. If we now form the 
semidirect product 
S=V@T 
of V and T it follows readily that there is a homomorphism 91 of 2 into S which 
injects T into T and maps B nontrivially onto the (T, T)-submodule W of V. 
Consequently, putting P = A?, we find P is the semidirect product of Wand T. 
The structure of V ensures that if a E W, a # 0, then the (T, T)-submodule of 
W generated by a is free, i.e., the elements 
zli a zli (i = 0, l)..., j = 0, l)...) 
are linearly independent over k. This observation is used to prove that m(P) 
is infinite dimensional and thence, as pointed out at the outset, that m(A) is 
infinite dimensional, as required. In other words, we are left only with the 
verification f 
LEMMA 7. m(P) is infinite dimensional. 
Proof. We may identify the vector space V over the field 1 with 1 itself, 
viewed of course as a vector space over 1 in the usual way. Keeping this in mind 
consider the k-algebra Q generated by the (3 x 3)-matrices 
viewed as elements in the k-algebra of all (3 x 3)-matrices with coefficients in1. 
Let R be the subalgebra consisting of those matrices in Q of the form 
0 0 Y 
( i 
0 0 0 (r E 1). 
0 0 0 
Then R is an ideal of Q2: indeed 
RQ=O=QR. 
Observe now that if a is a nonzero element of W and i, j are any nonnegative 
integers then 




0 0 0 
0 0 a 0 Zlj 0 
000 0 0 0 
Since the elements sIi a %$j are linearly independent over k if we put 
then the elements 
pq (i = 0, 1, . . . . p = 0, I,...) 
are also linearly independent over k. So the elements 
are also all linearly independent over k. Thus W is i nite dimensional. 
Finally observe that Q is finitely generated since W is even dinitely generated 
as a (T, T)-bimodule. But an inspection of the definitions of Q, R, and P 
easily yields the short exact sequence 
O-tR+Q+-P+O. 
Therefore Lemma 6 applies, and m(P) is infinite dimensional. 
4. PARAFREE ALGEBRAS 
4.1. Some l?xisteme Theorems 
Our objective in this section is to prove 
THEQREM 4. Let V be a variety of associative algebras in which thejvee algebras 
are residuah’y n&potent and the free algebra of rank I is not nilpotent. Then for 
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every positive integer q there exists a colimit of free algebras in V which is parafree 
of rank q but not free. 
We need some easy lemmas. 
LEMMA 8. Let V be a variety of algebras in which thefree algebras are residually 
nilpotent. Then the jinitely generated algebras in V are nilpotent ;f and only if the 
free algebras of rank 1 are nilpotent. 
Proof. Suppose F is a free algebra of ran& 1 in V on x. In the event that F 
is not finite dimensional it is clear that F E k[x], the k-algebra of polynomials in 
x without constant terms. Clearly F is then not nilpotent, and so neither is any 
other free algebra in V of positive rank. If F is finite dimensional, the residual 
nilpotence of F ensures that Fm = 0 for some m. It follows that every algebra in 
V satisfies the identity xm = 0. So by a theorem of Levitzki [22] every finitely 
generated algebra in V is nilpotent, as desired. 
COROLLARY 8.1. If some Jinitely generated algebra in V is not nilpotent, then 
the free algebra of rank 1 in V is isomorphic to kF]. 
Corollary 8.1 is an immediate consequence of the proof of Lemma 8. 
COROLLARY 8.2. Let G be a free algebra of rank q(< CO) in V on xi ,..., x* . 
If the free algebras in V are not nilpotent then the elements 
Xl + X12,..., XQ
generate a proper subalgebra H of G. 
Proof. Let 7 be the homomorphism of G into itself defined by 
x1 E+ x1 ) x2 k+ 0 ,...) xq t+ 0. 
- 
Then H maps onto the subalgebra HI of F = k[x,] generated by xi + xi2. Since 
HI #F, H # G as required. 
We also need the following theorem of Lewin [24] which we record as 
LEMMA 9. If X is part of a basis module G2 for the residually nilpotent algebra 
G and if G is free in some variety V then the subalgebra generated by X is again a 
free algebra in V freely generated by X. 
An algebra A is termed HopJian if every homomorphism of A onto itself is an 
automorphism. It follows readily from the fact that every finite dimensional 
algebra is Hopfian that 
LEMMA 10. A finitely generated residually nilpotent algebra is Hopjian. 
Finally we need 
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LEMMA 11. Let V be a variety of algebras in which the j~ee algebras dye 
Yesidually nilpotent. Furthermore, let Gi be a free algebra of jnite rank q for 
k = 1: 2,.... ~fGG,~G,~...,ifG=U~=lGiandiS 
Gj+, n Gi = Gi2 (i = 1, 2,..,) (3) 
then G is pamfree in V of rank q, 
.hmj. We observe that 
G” = (j Gin. 
i=l 
Now it follows from (3) and Lemmas 9 and 10 that 
Gin n Gi = G6’l whenever j 3 i. 
The residual nilpotence of G follows then from the residual nilpotence of the Gi I 
If X is a free set of generators of Gi , then X is a basis for 
each of the Gi is of rank q. It follows from (4) that 
G/G” gg G,/G,” (n = 1, 2,...), 
and so G is indeed parafree in V. 
The proof of Theorem 4 is now straightforward. Let Gi be the free algebra 
in of rank p on 
ql ,..., qq - 
The subalgebra GT of Gi+i generated by 
is again free in V of rank q (Lemma 9). Moreover by Corollary 8.2, Gf f G,, . 
Identifying G, with G$ under the isomorphism 
ais1 i--t a3+l,l + 4+1.1 , ai,2- %1,2 p..ay Ra" ai+l,g 
allows us to form the colimit (or union) G of the algebras Gt . Note that G is 
parafree of rank 4; by Lemma 11. But G is not even finitely generated since 
* # Gi+l for every i. So G is not free. 
Next we prove, following Bousfield and Kan [9] (see also Baumslag and 
Stammbach [S]) 
TWE~REM 5. Let V be a variety of algebras in which the free algebras are resk 
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dually nilpotent. IfF is a jinitely generated free algebra in V then its pronilpotent 
completion P is parafree in V of the same rank as F. 
We recall that the system {F/F” ] n = 2,3,...} of algebras, together with the 
homomorphisms 
defined by 
form an inverse system. By definition P is the inverse limit of this system. 
Proof of Theorem 5. It is not hard to see that it suffices to prove 
Suppose that F is freely generated by 
Now suppose 
Xl )..., xp . 
Note that 
f”= (fi + F2,f2 + F3,...) EP. 
fi+l - fi E F’+’ (i = 1, 2,...). 
Again it is not hard to see that the crux of the proof of (5) is to prove that 
1 
whenever fl E F2 (and hence fi E F2 for every i), then f gP2. To do so we observe 
that the following congruences, modulo the appropriate powers of F, hold: 
fi = xlgl, + *** + x,gw(F3) kli E FJ 
f3 = 431 + g21) + ... + %bz + gzn) (F”) kzi EF~) 
fa = U,, + ... + g,,>,) + .** + x&q + .*. + g,-l,a) (F”+l) @,-I,, ~F’+l2, 
. . . . . 
Put 
and 
Si = (xi + F2, xi + F3,...) (i = l,..., q), 
gi = (gli + F2, gli + gzi + F3,-**) (i = l,..., 4). 
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Then the elements 32.i , gi belong to fl and 
COROLLARY 5.1. If the free algebra F above z’s not nilpotent then P is a phrafree 
algebra ilz that is not free. 
We need only observe that F is countable whereas P is not. 
4.2. Parafiee Bicommutative Algebras 
The objective of this section is to sketch the proof of 
THEOFEM 6. Let M be the variety of all b~comm~tative algebras. Then the 
m~~tip~icator of a Jinitely generated parafree algebra A in of rank at least two 
is not jinite dimensional. 
The proof of Theorem 6 follows closely that of the corresponding theorem for 
groups (Baumslag [7]). Indeed by appealing to Lemma 5 it sufhces to prove 
that A* = A/(A’)” h as an infinite dimensional multiplicator. To accomplish 
this we need to first demonstrate that A* can be embedded in an algebra of 
(2 x 2)-matrices over a power series ring in finitely many variables, with 
coefficients in k (cf. Lewin 1241, Baumslag [2]). Then by examining a related 
algebra of (3 X 3)-matrices, as in i[7] (cf. the proof of Lemma 71, we put our- 
selves iin a position to apply Lemma 6, and the resuh follows 
5. SOME EMBEDDING THEOREMS FOR ASSOCIATIVE ALGEBRAS 
5.1. The Proof of Theorem 7 
The objective of this section is to prove 
THEOREM 7. Let 
be a short exact sequence of associative algebras, wkzere N is nilpotent and all of 
the qzcotients of T are jinitely presented. If Ni/Nifl, viewed as a (T, T~-b~~~od~~e, 
is jinitely generated and ample for every i, then A is $nitely presented. 
We begin the proof of Theorem 7 by proving 
LEMMA 12. Let A be an algebra satisfying the hypothesis of Theorem 7. If 
N2 = 0, then A and all of its quotients are finitely presented. 
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Proof. Since A/N is finitely generated we can find t, ,..., t, E A such that 
AIN is generated by tl + N,..., t, + N. 
Now N is a finitely generated (T, T)-bimodule. So we can find e, ,..., e, E N 
such that N, qua ideal of A, is generated by e, ,..., e, . It follows that A is gene- 
rated by 
t t 1 >..., * 3 el ,..., e, . (6) 
Notice that the ampleness of the (T, T)-b imodule N ensures that there exist 
v~,~ , v;,~ E A such that 
tiej = ejvd,j , ejti = &ej 
These elements v~,~, v;,~ can be chosen to be words in the generators t, ,..., t, 
since N2 = 0. 
In view of the fact that all of the quotients of Tare finitely presented it follows 
that T is Noetherian. Hence N, viewed as a (T, T)-bimodule, is also Noetherian. 
Consequently N is finitely presented as a (T, T)-bimodule. The upshot of these 
remarks is that we can present A in the following way. First, we take (6) as a set 
of generators. Second, we take as defining relations the union of the sets of 
relations (8), (9), and (10) d escribed below. The relations in (8) are simply the 
relations expressing the isomorphism A/N= T: 
w,(t, >*.*, tn> = wc,dtl ,.-, tg> wt,dtl ,..., tn) 
+ . . . + w,,,(t, ,*..> t4) er4,& ,--, tJ (2 = l,..., m). 
The relations in (9) are the finitely many bimodule relations of N: 
(8) 
%,&I ,***, GJe14,dtl ,..., t4) + *-a + uL,,(tl 7--7 t,> &,& ,.-, 4J = 0 
(I = l,..., n). 
(9 
The relations in (10) simply express the fact that N2 = 0: 
es& ,..., t,) ej = 0 (1 <i,j<~r,w(t, ,..., t4) any word in t, ,..., t,J. (10) 
Note that the sets (8) and (9) are finite. We have to replace (10) by a finite set. 
To this end consider the consequences of relations (7) and the relations 
e,ej = 0 (1 <cj<y> w 
If w(q , . .., t,J is any word in tr ,..., t, , then by invoking (7) a number of times we 
find 
e,w(t, ,..., t,) ej = v(tl , . . . , tJ eiei . 
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So (7) and (lo’) together imply (10). It follows that we have proved A is finitely 
presented. 
Finally observe that if A* is any quotient of A, t en it is also the middle of a 
short exact sequence 
where every quotient of T* is finitely presented, (AJ’*)~ = 0, and N* is an ample 
(T*, T*)-bimodule. Consequently A* is finitely presented. 
Theorem 7 follows immediately from Lemma 12 by induction on the class of 
N. Note that we have actually proved that all of the quotients of A are finitely 
presented. 
5.2. The Prooj of Theorem 8 
It turns out to be convenient to have at hand a slight variant of Theorem 7 
which we shall describe in due course. It depends on the fohowlng simple 
LEMMA 13. Suppose A and B aye jinitely presented algebras (over a jield 
~~~the~rnoy~ suppose both A and B have a 1. T&n 
A@B 
k 
is also a jkitely presented algebra with 1. 
ProoJ. Suppose 
and 
A = (al ,..., a,; rl = ..r = r, = 0) 
B = (b, ,..., b,; s1 = -.. = s, = 0) 
are presentations of A and B, respectively. Then we claim that 
A @ B = (a, @ l,..., a, @ 1, 1 @b, )~.., I @ b,; 
k 
rI(a @ 1) = ... = r,(a @ 1) = 0 
~(1 @b) = ... = ~~(1 @ b) = 0 
[ai @ 1, 1 @ bj] = 0 (I < i < m, 1 <j <p)) 
is a presentation of A Ok B, where we have denoted the word obtained from, 
e.g., r1 3 on replacing each ai occurring by ai @ 1, by ~~(a 
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Consider 
The map 
c$t+a, @ 1, pj t-+ 1 @ bj (1 di<m,l <j<P) 
defines a homomorphism 8’ of C onto A Ok B. Conversely observe that the 
mappings ai t> 01~ (1 = l,..., m), bj ++pj (j = l,...,p) define homomorphisms 91 
and p of A and B respectively into C. Moreover the map 0: A X B -+ C defined 
by 
(a, b) -+ qJ + bP 
is bilinear. So 6’ factors through A Ok B and hence determines a homomorphism, 
again denoted 0, from A Ok B onto C. Clearly 0’ and 0 are inverses and this 
establishes the lemma. 
We can now prove 
THEOREM 7’. Let T be a jinitely presented algebra with 1 and suppose M is a 
finitely presented (T, T)-bimodule. Then the semidirect product A of M and T Ok 
TOP is a jinitely presented algebra. 
Proof. M is certainly an ample (T Ok Ton)-bimodule. Moreover, T Ok TOP 
is finitely presented, by Lemma 13. Finally M is a finitely presented (T Ok TOP, 
T Ok Ton)-bimodule, because it is already a finitely presented (T, T)-bimodule. 
The proof of Lemma 12 now yields the finiteness of the number of relations 
needed to define A. 
We are now in a position to prove 
THEOREM 8. Let A be a jnitely generated associative algebra with 1 containing 
an ideal N with Nz = 0. If every quotient of A/N is$nitely presented, then A can be 
embedded in a$nitely presented algebra A* which closely resembles A; speci.cally A* 
contains an ideal N* such that 
(i) N*2 = 0 and (ii) A*/N* E A/N @ A/N. 
k 
Proof. By a result of Lewin [24] A can be embedded in an algebra B with 1 
with the following properties: 
(i) B contains an ideal C such that C2 = 0; 
(ii) B/C E AInS; 
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(iii) B is finitely generated; 
(iv) l3 splits over C, i.e., there is a subalgebra T of B such that 
@ 0 T. 
It follows from (i)-(iv) that C is a finitely generated (T, T)-bimodule and hence 
finitely presented by virtue of the hypothesis on T (E A/X). 
Now we may view C as a (T Ok TOP, T Ok TOP)-bimoduk. Thus we can form 
the semidirect product A* of C with T Ok Ton (see, e.g., Cartan and Eilenberg 
[HI, p. 2931). By Th eorem 7’ then A* is finitely presented, and by its very 
construction has the desired properties (with N* = C). 
Note now that a finitely generated Lie-nilpotent algebra T, as weI1 as its 
quotients, is finitely presented (Lemma 2). So Theorem 8 yields 
COROLLARY 8.1. Let A be a Jinitely generated associative algebra which is the 
middle of a! short exact sequence 
in which N2 = 0 and T is Lie-nilpotent. Then A can be embedded in a jkitely 
presented algebra A* which is also the middle of a short exact sequence oj exactly 
the same kind. 
5.3. The Proof of Theorems 9 and 10 
THEOREM 9. Let A be a jkitely generated algebra of lowe tri~~gu~~y matykes 
with coeficients in a commutative algebra B. Thelz A can be embedded in a finitely 
presented algebra of lower triangular matrices with coe&ients in B. 
hoof. Let r, be the degree of the matrix algebra A. Now A is finitely 
generated. Hence we can find a finitely generated commutative k-algebra C sue 
that 
A < Tr(n, C) = XI, 
where Tr(n, C) is the algebra of all lower trianguiar matrices of degree 7~ with 
coefficients in C. If N is the ideal of all those matrices in D with zero on the main 
diagonal we find N is nilpotent, and we have the short exact sequence 
where T is a finitely generated commutative algebra. Moreover, D is finitely 
generated, all of the quotients N”/N i+l of N are ample (T, T)-bimod~~es, and all 
of the quotients of T are finitely presented. Consequently Theorem 7 applies, 
and D is finitely presented, as desired. 
We come finally to 
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THEOREM 10. Let F be a Jinitely generated free associative algebra with 1, 
and let R be an ideal OfF. If F/R is$nitely p resented, then F/Rn can be embedded in a 
jinitely presented algebra A containing an ideal S such that 
(i) S” = 0 and (ii) A/S g F/R 0 F/R. 
k 
Theorem 10 is proved by induction on n. This induction rests on the following 
reformulation of a theorem of Lewin [24]: 
LEMMA 14. Let F be a free associative algebra with 1 freely generated by 
(xi 1 i E I} and R g F. Let M be a free (FIR, F/R)-bimodule freely generated by the 
elements (ei ] i E I], and let A be the semidirect product of M with FIR. Then the 
subalgebya B of A generated by the elements 
is isomorphic to F/R2 under the mapping 
xi + R2 w (xi + R) + ei (i E I). 
Theorem 10 can now readily be deduced from Theorem 7’. Indeed, suppose 
inductively that F/R+1 can be embedded in a finitely presented algebra B, say. 
We present B as a quotient of a finitely generated free algebra E, with 1, whose 
rank p is at least that of F: 
Let M be the free (E/Q, E/Q)-bimodule on e, ,..., e, . Now form the semidirect 
product P of M with (E/Q) Ok (E/Q)Op. Then by Theorem 7’ P is finitely 
presented-M is free and hence finitely presented, and (E/Q) Ok (E/Q) is 
finitely presented by Lemma 13. Now by Lewin’s theorem (Lemma 14) F/R” 
is embedded in P; indeed if F is free on x, ,..., xI and if xi + Rn-l is viewed as 
an element of B, then the elements 
{xi + R”-1 + ei 1 i = l,..., l> 
generate a copy of F/R”. The conditions described in the conclusion of Theorem 
10 follow by inspecting the proof above. 
6. PARAFREE SEMIGROUPS ARE FREE 
6.1. Suppose throughout that S is a semigroup with zero. We shall need 
the following: 
LEMMA 15. Suppose S is nilpotent and that Xgenerates S module c,(S). Then 
X generates S. 
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Prooj. Let S2 be the subsemigroup of S consisting of those elements which 
can be expressed as a product of (at least) two elements of S. Now suppose 
a E Sy a 6 S2. Since X generates S modulo c,(S), we can find x1 )...) x,E X such 
that 
( a, x1x2 ..’ x,) E 4$(S). 
Now by the very definition of q(S) and the condition on a it follows that 
a = x1xg ... x, ) q = 1, 
i.e., a E X. In other words if a 6 S2, then a E X. 
Now suppose a E S2, a # 0. Then 
a = b,b, ... 6, (T 3 2, b, ,...) b,E S), 
where bi $ S2. So bi E X for each i, and hence X generates S as required. 
Next we prove 
LEMMA 16. Suppose that S is residually ni~pot~t. If x generates S ~0~~~~ 
c2(S) then X U (0) generates S. 
Prooj. By Lemma 15, Xgenerates S modulo c,(S) for every n. Let T be the 
subsemigroup of S generated by X u (0). Suppose a E S, a $ T. Then for each 
n 3 B there exist t, E 7’ such that 
Since a 4 T it follows that for n = 1,2,... 
Now the residual nilpotence of S ensures that any element which can be expres- 
sed as an n-fold product for every n is the zero element of S; i.e., a = S 
contradicts our assumption that a 6 T, which yields the conclusion S = T as 
desired. 
3, We are now in a position to prove Theorem 12, i.e., that a parafree 
semigroup S is free. To this end let 
x = (s E s ] s $i S2)* 
Then X generates S module q(S), and hence by Lemma 16, X generates S. 
Now it follows by a standard argument that any minimal set of generators of a 
free nilpotent semigroup freely generates that semigroup. So module c,(S), X 
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freely generates S/cm(S). It follows that if F is a free semigroup with zero freely 
generated by a set x’ in a one-to-one correspondence 
8: x’ k+ x (x’ E x’, x E X), 
with X then the homomorphism tJ* of F onto S defined by 0 induces an iso- 
morphism of F/c,(F) onto S/ca(S) f or every n. Since F is residually nilpotent, 
8* is an isomorphism; i.e., S is free. 
7. SOME EMBEDDING THEOREMS FOR SEMIGROUPS 
7.1. The Proof of Theorem 13 
We recall that a semigroup S EX if (i) S is finitely generated; (ii) S is the 
disjoint union of its commutative subsemigroups A and T; (iii) A is an ideal of S. 
THEOREM 13. If S E ZZ then S can be embedded in a$nitely presented semigroup 
2% 2”. 
Proof. Consider U&S’, the semigroup algebra over the (field Q of rational 
numbers. We may assume without loss of generality that S is a semigroup with 
zero. Then 
and 
It follows from Corollary 4.3 of Lemma 4 that ((u&S’)‘)~ = 0. So by Corollary 
8.1, QS can be embedded in a finitely presented algebra B. B is a semidirect 
product of an ideal M and a finitely generated commutative subalgebra C: 
B=M@C. 
We recall that M2 = 0 and that M is an ample (C, C)-bimodule. It follows that 
we can find subsemigroups N and T1 of the multiplicative semigroup comprising 
B, forgetting its other structure, satisfying the following conditions: 
(a) S is contained in the subsemigroup S, generated by N and T,; 
(b) NCM, T,_CC; 
(c) there is a finite subset X of N such that N is the (semigroup) ideal 
of S, generated by X, 
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cd) TX is the subsemigroup of S, generated by the 
t; )...) t;; 
(e) if x E X then 
t,x = xt; ) xti = t;x (i = l,..., 4). 
It follows that 5’, is finitely generated. Indeed, S, is actually finitely presented. 
o see this consider QS, . Then C&S, is the semidirect product of its ideal U&V 
and its commutative subalgebra QT, . Since (CUQ2 = 0 we may view QN as a 
(Qa, I Q!F&bimodule. The very definition of & ensures that this bimodule is 
ample. Hence, by Theorem 7, U&Y, is finite!y presented. So S, is finitely pre- 
sented by Theorem Il. Since S, is clearly contained in %, this completes &e 
proof of Theorem 13. 
It is easy enough to formulate and prove analogs for semigroups of the other 
theorems we have about associative algebras. For example, every finitely 
generated semigroup of lower triangular matrices over a commutative algebra 
can be embedded ‘in a finitely presented semigroup of lower triangular matrices, 
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